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Spherical vacuum and scalar collapse for the Starobinsky R2 model is simulated. Obtained by
considering the quantum-gravitational effects, this model would admit some cases of singularity-free
cosmological spacetimes. It is found, however, that in vacuum and scalar collapse, when f ′ or the
physical scalar field is strong enough, a black hole including a central singularity can be formed. In
addition, near the central singularity, gravity dominates the repulsion from the potential, so that
in some circumstances the Ricci scalar is pushed to infinity by gravity. Therefore, the semiclassical
effects as included here do not avoid the singularity problem in general relativity. A strong physical
scalar field can prevent the Ricci scalar from growing to infinity. Vacuum collapse for the R lnR
model is explored, and it is observed that for this model the Ricci scalar can also go to infinity as
the central singularity is approached. Therefore, this feature seems universal in vacuum and scalar
collapse in f(R) gravity.
I. INTRODUCTION
Despite the great success of general relativity, many
efforts have been made to extend it with the goal of
addressing the singularity problem and constructing a
quantum theory of gravity. As a spacetime singularity
is approached, all physical quantities including the mass-
energy density and spacetime curvatures diverge, and the
classical theories of gravity break down. Such singular-
ities occur at the origin of the Universe and in gravita-
tional collapse of massive stars when they exhaust their
internal fuel (see, e.g., Refs. [1, 2] and references therein
for further details). It is widely believed that the sin-
gularity problem may be cured through incorporation of
nontrivial quantum effects. Attempts have been made in
this direction. While we do not have a full quantum the-
ory of gravity as of yet, attempts have been made to take
into account the quantum inputs close to the singularity
in terms of semiclassical effects, either by quantizing the
matter part in the Einstein equations or by quantizing
certain limited degrees of freedom of the metric tensor.
The possibility of avoiding the singularity problem by
considering a generalized Lagrangian density for gravity
in the cosmological context has been investigated in the
literature. One of the versions was proposed in Ref. [3],
f(R) =Λ +AR+BR2 + CRikRik
+DRiklmRiklm + ER
iklmRilkm,
(1)
where Λ, A, B, C, D, and E are constants, and R, Rik,
and Riklm are the Ricci scalar, Ricci tensor, and Riemann
tensor, respectively. Considering that not all quadratic
invariants in (1) are independent, a simpler form of the
Lagrangian density was used in Ref. [4],
f(R) = Λ +AR+BR2 + CRikRik. (2)
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The problem of the nonsingular transition from contrac-
tion to expansion for a homogeneous and isotropic cos-
mological model was investigated. It was found that the
singularity problem remains in the physically acceptable
solutions for this model. In Ref. [5], considering the
model f(R) = Λ + AR + BR2, the conditions for the
existence and stability of the de Sitter and Friedman solu-
tions were proven, and the conditions for the existence
of cosmological singularities were obtained. The results
for cosmological singularities are in agreement with those
reported in Ref. [4].
Using the renormalized theory of gravitation, Nariai
and Tomita obtained [6, 7]
f(R) = R+ η(R2 + α˜RµνR
µν), (3)
where η and α˜ are constants. The possibility of singular-
ity avoidance was discussed, and the future de Sitter ex-
pansion was found. Taking into account the interaction of
quantum free matter fields with a classical gravitational
field, Starobinsky obtained an inflationary cosmological
model [8]. An approximate local action for this model
can be written as [9, 10]
f(R) = R+
R2
6M2
+
R2
R0
ln
R
R0
, (4)
where M and R0 are parameters. For a detailed study
of the Starobinsky scenario, see Ref. [9]. For a compar-
ison of the cosmological solutions derived by Nariai and
Tomita in Refs. [6, 7] and by Starobinsky in Ref. [8], see
Ref. [11]. A simplified model was studied in Refs. [12, 13],
f(R) = R+ αR2. (5)
It is a modification of general relativity at high curvature
scale and is reduced to general relativity at low curvature
scale. In Refs. [12, 14–19], this model was shown to be
equivalent to general relativity with a massive scalar field.
It continues to attract considerable interest in that it
could drive the inflation in the early Universe [8, 9, 14,
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216] and is consistent with the Planck 2015 data on the
cosmic microwave background [20, 21]. The parameter α
can be rewritten as α = 1/(6M2m2pl), where mpl is the
Planck mass. The normalization of the cosmic microwave
background anisotropies determines M ≈ 10−5 [22, 23].
Going beyond cosmological studies of this model, it is
instructive to understand the model’s dynamics in terms
of gravitational collapse towards black hole formation. In
Ref. [24], it was pointed out that for dark energy f(R)
gravity, in cosmology and static compact stars, a perturb-
ation from the matter field may push the scalar degree of
freedom f ′(≡df/dR) to 1. As a result, the Ricci scalar R
will become singular. (There is a debate on this subject
in Ref. [25].) In Refs. [26–31], it was argued that this sin-
gularity problem can be avoided by adding an R2 term to
the original dark energy f(R) function. In this new com-
bined model, a singular R is pushed to regions where f ′ is
also singular. Indeed, when viewed in the Jordan frame,
the potential for the combined model is very steep at high
curvature scale. Therefore, it is possible that in the late
Universe and in static compact stars, the Ricci scalar may
remain finite under perturbations. In fact, one can ask
in a more challenging circumstance—gravitational col-
lapse towards black hole formation—whether R can go
to infinity as the central singularity is approached. Since
the combined model is reduced to the R2 model at high
curvature scale, for simplicity, we only consider the R2
model in this paper. In Ref. [32], neutral and charged
scalar collapse for the R2 model was simulated. In the
neutral collapse case, a black hole including a spacelike
central singularity was formed. However, the question of
whether R can go to infinity was not investigated. (While
we do generally know that inflationary cosmological mod-
els have a singularity in the past [33], we know this in
terms of the existence of an incomplete geodesic only.)
As a key topic in gravitational physics, gravitational
collapse studies have a long history. The Oppenheimer-
Snyder solution provides an analytic description of spher-
ical dust collapse into a Schwarzschild black hole [34]. A
spherically symmetric inhomogeneous universe filled with
dust matter was explored in Refs. [35–37]. The inhomo-
geneous gravitational collapse of Tolman-Bondi dust
clouds was generally investigated in Ref. [38]. Simula-
tions of spherical fluid/scalar collapse in general relativity
or scalar-tensor theories of gravity (including the Brans-
Dicke theory) or AdS spacetimes were implemented in
Refs. [39–49]. Stability analysis in spherical/cylindrical
collapse of an anisotropic charged/neutral fluid in f(R) =
R+Rn gravity was performed in Refs. [50–52]. The con-
straints from the extra matching conditions in f(R) grav-
ity on collapse of massive stars were studied in Ref. [53].
Spherical scalar collapse in dark energy f(R) gravity to-
wards black hole formation was simulated in Ref. [54].
Dark matter halo formation in f(R) gravity and Galileon
gravity was discussed in Refs. [55] and [56], respectively.
Although many studies have been done on scalar/fluid
collapse in modified gravity, to a large extent, a simpler
case, vacuum collapse (where physical fields are absent)
in modified gravity, has been skipped.
In this paper, we simulate spherical vacuum and scalar
collapse for the R2 model. Interestingly, besides scalar
collapse [32], in vacuum collapse, when the scalar degree
of freedom f ′ is strong enough, a black hole including a
central singularity can be formed. In addition, we notice
that the steepness of the potential at high curvature scale
in the Jordan frame is somewhat misleading. After hav-
ing transformed the R2 model into the Einstein frame,
the potential becomes very flat at high curvature scale.
Consequently, in addition to a spacelike central singu-
larity formation, under certain initial conditions, as the
central singularity is approached, the Ricci scalar can
be pushed to infinity easily. So the classical singularity
problem remains in collapse for the R2 model. We find
that in scalar collapse, when the physical scalar field is
strong enough, although a black hole including a cent-
ral singularity can still be formed, the physical scalar
field may stop the Ricci scalar from growing to infin-
ity. Vacuum collapse for the R lnR model [57, 58] is
also explored. Although the potential for this model in
both the Jordan and Einstein frames is very steep at high
curvature scale, in certain circumstances, the Ricci scalar
can still be pushed to infinity as the central singularity
is approached. Therefore, such a feature seems universal
in vacuum and scalar collapse for f(R) gravity.
The paper is organized as follows. In Sec. II, we de-
velop the framework. Vacuum and scalar collapse for
the R2 model is explored in Secs. III and IV, respect-
ively. In Sec. V, we consider vacuum collapse for the
R lnR model. Results are summarized in Sec. VI. We
set G = c = ~ = 1. Then the Planck mass, length, and
time are mpl =
√
~c/G = 1, lpl =
√
~G/c3 = 1, and
tpl =
√
~G/c5 = 1, respectively. We use lpl and tpl as the
units of length and time, respectively.
II. FRAMEWORK
We start with the action for f(R) gravity
S =
∫
d4x
√−g
[
f(R)
16piG
+ Lψ
]
, (6)
where Lψ is the Lagrangian density for a massless phys-
ical scalar field ψ, Lψ = −(1/2)gαβψ,αψ,β . The energy-
momentum tensor for this scalar field is
T (ψ)µν = ψ,µψ,ν −
1
2
gµνg
αβψ,αψ,β . (7)
From Eq. (6), the field equation for f(R) gravity can be
obtained as
f ′Rµν − 1
2
fgµν + (gµν−∇µ∇ν) f ′ = 8piT (ψ)µν , (8)
where  ≡ ∇α∇α. The trace of Eq. (8) describes the
dynamics for χ(≡f ′),
χ− U ′(χ)− 8pi
3
T (ψ) = 0, (9)
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Figure 1: Potential for the Starobinsky R2 model (5), f(R) =
R+αR2, with α = 1. (a) Potential in the Jordan frame (10).
(b) Potential in the Einstein frame (12).
where a potential U(χ) is defined as
U ′(χ) ≡ dU
dχ
=
2f − χR
3
, (10)
and T (ψ) is the trace of T
(ψ)
µν . The potential U(χ) for
the R2 model is plotted in Fig. 1(a). Figure 1(a) shows
that the potential is finite on the left side, while it goes
to +∞ on the right side. It is tempting to think that in
collapse, under certain initial conditions, f may approach
zero as it moves to the left. However, although it can rise
high in the right direction at a particular moment, it may
eventually come back down due to the force from U(f).
For computational convenience, we transform f(R)
gravity from the Jordan frame into the Einstein frame.
Defining κφ ≡√3/2 lnχ, one obtains the action of f(R)
gravity in the Einstein frame [12, 14–19],
SE =
∫
d4x
√
−g˜
[
1
2κ2
R˜− 1
2
g˜µν∂µφ∂νφ− V (φ)
]
+
∫
d4xLM
(
g˜µν
χ
, ψ
)
, (11)
where κ =
√
8piG, g˜µν = χ · gµν , V (φ) ≡ (χR −
f)/(2κ2χ2), and a tilde denotes that the quantities are in
the Einstein frame. The potential V (φ) for the R2 model
can be written as [14, 16, 17]
V (φ) =
1
8κ2α
(
1− e−
√
2/3κφ
)2
, (12)
and is plotted in Fig. 1(b). In Ref. [14], it was pointed
out that because of the flat plateau of V (φ) at large φ
and the potential minimum at φ = 0 inflation is a natural
phenomenon in the R2 model. Because of the steepness
on the left side (φ < 0) and the flatness on the right side
(φ > 0) for V (φ), it is tempting to think that in collapse,
under certain initial conditions, φ may go to +∞ in the
right direction, while it may not approach −∞ in the left
direction.
The numerical formalism for spherical scalar collapse
in f(R) gravity that we use in this paper is essentially the
same as the one described in detail in Ref. [54]. Accord-
ingly, we only briefly list the formalism here. We work
in the double-null coordinates,
ds2 = −4e−2σdudv + r2dΩ2
= e−2σ(−dt2 + dx2) + r2dΩ2, (13)
where σ and r are functions of the coordinates t and x,
u = (t − x)/2, and v = (t + x)/2. Then the dynamical
equations for r, σ, φ, and ψ can be, respectively, written
as follows:
r(−r,tt + r,xx)− r2,t + r2,x = e−2σ(1− 8pir2V ), (14)
− σ,tt + σ,xx + r,tt − r,xx
r
+ 4pi
(
φ2,t − φ2,x +
ψ2,t − ψ2,x
χ
− 2e−2σV
)
= 0,
(15)
− φ,tt + φ,xx + 2
r
(−r,tφ,t + r,xφ,x)
= e−2σ
[
V ′ +
1√
6
κT˜ (ψ)
]
,
(16)
− ψ,tt + ψ,xx + 2
r
(−r,tψ,t + r,xψ,x)
=
√
2
3
κ(−φ,tψ,t + φ,xψ,x),
(17)
where r,t ≡ dr/dt and other quantities are defined ana-
logously, V ′≡dV/dφ, and T˜ (ψ) = e2σ(ψ2,t − ψ2,x)/χ. The
{uu} and {vv} components of the Einstein equations
work as the constraint equations,
r,uu + 2σ,ur,u + 4pir
(
φ2,u +
ψ2,u
χ
)
= 0, (18)
r,vv + 2σ,vr,v + 4pir
(
φ2,v +
ψ2,v
χ
)
= 0. (19)
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Figure 2: Evolutions for vacuum collapse for the Starobinsky R2 model. (a) and (b): Evolutions of r and f ′, respectively.
The time interval between two consecutive slices is 4∆t = 0.002. (c) and (d): Apparent horizon and singularity curve of
the formed black hole. As shown in (a), in later evolutions, the central singularity is approached (r → 0). As a result, the
equation of motion for φ (16) is reduced to φ,tt ≈ −2r,tφ,t/r, which describes a positive feedback system since −2r,t/r is
positive. Consequently, as shown in (b), around x≈0.35 where φ,t is negative, φ, f ′, and R are pushed to −∞, 0, and −1/(2α),
respectively; while around x≈0.1 where φ,t is positive, φ, f ′, and R are all pushed to +∞. Therefore, the R2 term in Eq. (5)
does not prevent the singularity formation. The discontinuities of f ′ in (b) at x ≈ 0.35 in later evolutions come from the fact
that the spacelike singularity (r = 0) is met in simulations [also see (a) and (c)].
We set r,tt = r,t = σ,t = φ,t = ψ,t = 0 at t = 0. We
then define the local Misner-Sharp mass m [59] and a
new variable g, respectively, as
gµνr,µr,ν = e
2σ(−r2,t + r2,x)≡1−
2m
r
, (20)
g≡− 2σ − ln(−r,u). (21)
Then, the equations for r, m, and g at t = 0 can be
obtained as below [54, 60]:
r,x =
(
1− 2m
r
)
eg, (22)
m,r = 4pir
2
[
V +
1
2
(
1− 2m
r
)(
φ2,r +
ψ2,r
χ
)]
, (23)
g,r = 4pir
(
φ2,r +
ψ2,r
χ
)
. (24)
We set r = m = g = 0 at the origin (x = 0, t = 0). Then
the values of r, m, and g on the initial slice of t = 0 can
be computed by integrating Eqs. (22)-(24) from x = 0
to the outer boundary via the fourth-order Runge-Kutta
method. The values of r, σ, φ, and ψ at t = ∆t can be ob-
tained with a second-order Taylor series expansion using
Eqs. (14)-(17). The value of g at t = ∆t can be obtained
using the definition for g (21). At the inner boundary
x = 0, r is always set to zero. For regularity, we enforce
φ,x = ψ,x = 0 at x = 0. The value of g at x = 0 is ob-
tained via extrapolation. We set up the outer boundary
conditions via extrapolation. In fact, as long as the outer
boundary is far enough from the center compared to the
time scale for the collapse, the outer boundary condi-
tions will not affect the dynamics near the center that
we are interested in. The finite difference method and
the leapfrog integration scheme are implemented. The
numerical code is second-order convergent.
III. VACUUM COLLAPSE FOR THE R2 MODEL
We first consider vacuum collapse, which can be real-
ized by setting ψ(x, t) ≡ 0. The initial value for φ
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Figure 3: (color online). Dynamics for φ in the vicinity of the singularity curve for vacuum collapse. Here, ξ = t0 − t and t0 is
the coordinate time on the singularity curve. (a)-(b) and (c)-(d) are for the slices of x = 0.1 and x = 0.35, respectively. (a)
and (c) show that near the singularity there is φ,tt ≈ −2r,tφ,t/r, which is a positive feedback system of φ,tt and φ,t. Then as
shown in (d), on the slice of x = 0.35, φ,t is negative, and φ is pushed to −∞ as the central singularity is approached. However,
as shown in (b), on the slice of x = 0.1, φ,t is positive, and φ is pushed to +∞ in later evolutions. (b) Here, φ = a ln ξ + b,
a = −0.18883± 0.00001, b = −0.2152± 0.0001. (d) Here, φ = a ln ξ + b, a = 0.033650± 0.000004, b = 0.08561± 0.00006.
is defined as φ(x, t)|t=0 = a · exp
[−(x− x1)2/b] with
a = 0.1, b = 0.02, and x1 = 1. The parameter α in
Eq. (5) is set to 1. The range for the spatial coordinate
is x ∈ [0; 2]. The temporal and spatial grid spacings are
∆t = ∆x = 5× 10−4.
We run the simulations. Despite the repulsion from
the potential, a black hole is formed. The radius of the
apparent horizon of the formed black hole is rAH ≈ 0.425
[see Fig. 2(d)]. We plot the evolutions of r and f ′ in
Figs. 2(a) and 2(b), respectively. The results for σ are
similar to those in the collapse for dark energy f(R) grav-
ity plotted in Ref. [54] and are skipped here. The ap-
parent horizon and the singularity curve r(x, t) = 0 are
shown in Figs. 2(c) and 2(d).
The asymptotic dynamics in the vicinity of the cent-
ral singularity is explored with a mesh refinement as de-
scribed in Ref. [54]. The slices of x = 0.1 and x = 0.35
are chosen as samples. Near the singularity, for r, σ, and
φ, the ratios between the spatial and temporal derivat-
ives take similar values and are determined by the slope
of the singularity curve r = 0. This feature and the nu-
merical results enable us to reduce the Einstein equations
and the equation of motion for φ (14)-(16) as follows [54]:
rr,tt ≈ −r2,t, (25)
σ,tt ≈ r,tt
r
+ 4piφ2,t, (26)
φ,tt ≈ −2
r
r,tφ,t. (27)
As a representative, the case for φ (27) is plotted in
Figs. 3(a) and 3(c). The solutions to Eqs. (25)-(27)
are [54]
r ≈ Aξβ , (28)
σ ≈ B ln ξ + σ0, (29)
φ ≈ C ln ξ, (30)
with β ≈ 1/2 and B ≈ β(1 − β) − 4piC2. Here, ξ =
t0 − t and t0 is the coordinate time on the singularity
curve. The solutions (28)-(30) are also confirmed by the
numerical results. As a representative, the results for φ
are plotted in Figs. 3(b) and 3(d).
The apparent horizon is formed, r can reach zero, and
the dynamics near r = 0 is similar to that near the central
singularity of a Schwarzschild black hole. Then the center
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Figure 4: Evolutions of f ′ for vacuum collapse for the Starob-
insky R2 model with α = 0.01. The time interval between two
consecutive slices is 2∆t = 4× 10−4.
is a singularity. The numerical results show that, near
the central singularity, the potential terms 8pir2e−2σV in
Eq. (14) and e−2σV ′ in Eq. (16) [see Figs. 3(a) and 3(c)]
are negligible compared to the gravitational terms. In
other words, when the matter field (which means f ′ here)
is strong enough, the repulsion from the potential cannot
prevent the singularity formation.
Near the central singularity, r,t is negative. Accord-
ingly, Eq. (27) describes a positive feedback system of
φ,tt and φ,t: |φ,t| produces more of |φ,tt|, and in turn
|φ,tt| produces more of |φ,t|. As shown in Fig. 3(d), on
the slice of x = 0.35, φ,t is negative. Then as the cent-
ral singularity is approached in later evolutions, φ, f ′,
and R are pushed to −∞, 0, and −1/(2α), respectively.
These results are similar to those in spherical collapse
in dark energy f(R) gravity [54]. However, as shown in
Fig. 3(b), on the slice of x = 0.1, given the configur-
ation that we set, φ,t obtains a positive value at some
moment. Then, in later evolutions, φ, f ′, and R are all
pushed to +∞ as the central singularity is approached.
Thus, the repulsion from the potential does not prevent
R from becoming singular.
So far, for simplicity, the parameter α has been set
to 1. As mentioned in Sec. I, cosmological observations
constrain α to be about 10−9, so next we consider vacuum
collapse where α takes smaller values. It turns out that
in this case more care is needed in setting up the initial
conditions. As shown in Eq. (12), for a fixed φ, a small
α will yield a large potential V . However, as implied
in Eq. (23), a large V can make m grow very fast with
respect to r. As a result, 2m/r can approach 1 at certain
r, making the initial spacetime irregular. To avoid such
an irregularity, we reduce the value of φ at t = 0. To
ensure that the system still has enough energy in the
beginning so that collapse can happen in the future, we
increase the spatial derivative of φ at t = 0. We set α =
0.01. The initial profile for φ is defined as φ(x, t)|t=0 =
a·cos(bx) for bx ∈ [2pi; 6pi] and 0 otherwise, with a = 0.04
and b = 40 (see Fig. 4). In this configuration, a black
hole can still be formed, and the radius of the apparent
horizon is rAH ≈ 0.2. As shown in Fig. 4, in certain
regions, φ, f ′ andR can still be pushed to +∞ as happens
in the large α case. Using the same strategy and higher
resolutions, we expect to be able to simulate collapse for
α = 10−9 and obtain similar results. The details are
skipped here.
IV. SCALAR COLLAPSE FOR THE R2 MODEL
Now we study scalar collapse. As in vacuum collapse,
in scalar collapse, near the central singularity, the equa-
tions of motion for φ (16) and the physical scalar field
ψ (17) can be simplified as
φ,tt ≈ −2
r
r,tφ,t −
κψ2,t√
6χ
, (31)
ψ,tt ≈ −2
r
r,tψ,t +
√
2
3
κφ,tψ,t. (32)
Regarding the dynamics for φ, the term −2r,tφ,t/r
always enhances the growth of |φ,t|, while the term
−κψ2,t/(
√
6χ) is always negative and tries to stop φ
from growing. Regarding the dynamics for ψ, the term√
2/3κφ,tψ,t enhances/slows down the growth of |ψ,t|
when φ,t is positive/negative.
We expect that, as long as ψ is weak enough, the results
of scalar collapse will be the same as those in vacuum
collapse. Therefore, in this section, we skip the weak ψ
case and focus on the strong ψ case. We find that when ψ
is strong enough and φ,t is positive at certain moments,
|ψ,t| can be accelerated to a large value. Consequently,
−κψ2,t/(
√
6χ) can make φ slow down, make a turn, and
approach to −∞. In short, a strong physical scalar field
can prevent φ and R from growing to +∞. This is shown
in Fig. 5. In making Fig. 5, we have used the following
configuration: α = 0.01, φ(x, t)|t=0 = a · exp[−(x− x1)2]
with a = −0.02 and x1 = 3, and ψ(x, t)|t=0 = b ·tanh(x−
x2) with b = 0.2 and x2 = 3.
V. VACUUM COLLAPSE FOR THE R lnR
MODEL
It is meaningful to explore vacuum collapse for other
f(R) models so as to check whether it is universal that R
goes to infinity as the central singularity is approached.
We take the R lnR model as one more example [57, 58]:
f(R) = R
[
1 + α ln
(
R
R0
)]
, (33)
where α and R0 are parameters. We set α = 0.1 and
R0 = 1. The potential for this model in the Einstein
frame is plotted in Fig. 6(a), which shows that the po-
tential is very steep for large φ. The initial profile for
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Figure 5: (color online). Scalar collapse for the R2 model. The results are for the slice x = 2.8. (a), (c), and (e): The terms
in the equation of motion for φ (16) for different ranges of r. (b), (d), and (f): The corresponding evolutions of φ. A strong ψ
can make the evolution of φ slow down, make a turn, and approach to −∞.
φ is set as φ(x, t)|t=0 = a · exp[−(x − x0)2/b] + c, with
a = −0.1, b = c = 0.02, and x0 = 1.
Vacuum collapse in the above configuration is simu-
lated and the results are similar to those for the R2
model. A black hole is formed, and in certain ranges
of x, in the vicinity of the singularity, f ′ goes to zero. As
shown in Fig. 6, in certain other ranges of x, near the
central singularity, although the potential is very steep
for large φ, φ, f ′, and R can still be pushed to infinity.
Now a natural question arises: Does an f(R) model
exist such that φ cannot be pushed to infinity? Our guess
is no.
VI. SUMMARY
We explored spherical vacuum and scalar collapse for
the Starobinsky R2 model. This model was built based
on quantum corrections to the vacuum Einstein equa-
tions and is consistent with the Planck data on the cosmic
microwave background. These quantum effects may be
expected to avoid the singularity problem at the center
of black holes and in the very early Universe. Moreover,
the potential in the Jordan frame, where f(R) gravity is
originally defined, is very steep at high curvature scale.
Thus one may expect that in collapse the steepness of the
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Figure 6: (color online). Vacuum collapse for the R lnR model. (a) Potential in the Einstein frame. (b) The terms in the
equation of motion for φ (16) for the slice x = 0.35. (c) Evolution of φ for the slice x = 0.35.
potential may prevent the Ricci scalar from approach-
ing infinity. Our results show that in spherical collapse,
when the scalar degree of freedom f ′ or the matter field
is strong enough, a black hole can be formed, and the
singularity problem remains. These results are consist-
ent with those obtained in Ref. [32]. In addition, we find
that the steepness of the potential at high curvature scale
in the Jordan frame is misleading to some extent. The
potential in the Einstein frame is actually quite flat at
high curvature scale. Due to strong gravity, in certain
circumstances, f ′ and the Ricci scalar can be pushed to
infinity. In other words, the semiclassical approach such
as the one used here seems not to avoid the singularity
problem. In scalar collapse, a strong physical scalar field
can prevent f ′ from growing to infinity.
We found that in addition to scalar collapse, in va-
cuum collapse for the R2 model, a black hole can also be
formed, and the Ricci scalar can also be pushed to infinity
as the central singularity is approached. Vacuum collapse
for the R lnR model was also simulated. Although the
potential for this model in the Einstein frame is steep
at high curvature scale, the Ricci scalar is still pushed
to infinity as the central singularity is approached. Con-
sequently, such a feature seems universal in vacuum and
scalar collapse in f(R) gravity.
We note that the conclusions here have useful cosmolo-
gical implications as well. This is because a time reversed
case of the above investigation will correspond to an ex-
panding universe model. Due to the similarity between
the singularities in black holes and in the very early Uni-
verse, the quantum effects may not avoid the singularity
problem in the very early Universe either, such as the
R2 model discussed here. Indeed, these arguments are
in agreement with the results, obtained via perturbation
analysis, on the existence of cosmological singularities for
the R2 model reported in Refs. [4, 5]: Cosmological sin-
gularities cannot be avoided when the parameter α in the
R2 model (5) is positive.
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